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1. Introduction 

Every elliptic curve is isomorphic to the double covering of the projective 
line P 1 branching at four points. The set of the isomorphism classes of elliptic 
curves with marking of branching points can be identified with the configura- 
tion space M.± v ts of ordered four points on P 1 . By considering their periods, 
one obtains a morphism per from Ai^pts to the set Ai c t of the isomorphism 
classes of complex torus with marking of 2-torsion points. The set M. c t can 
be identified with the quotient space i}/r(2) of the upper half plane fj by the 
principal congruence subgroup T(2) of level 2 in £X(2,Z). By the classical 
theory of elliptic functions, the map per : M.^ vts — ► -Met is an isomorphism. 
The inverse of per can be described in terms of celebrated Jacobi's theta 
constants. 

Many mathematicians have tried to find moduli spaces of suitable algebraic 
varieties which can be uniformized by some symmetric space. E. Picard was 
the first person who found such moduli space which is two dimensional. He 
studied a family of Picard curves, which are cyclic triple coverings of P 1 
branching at five points. The periods of a curve determine an element of the 
2-dimensional complex ball B2 embedded in the Siegel upper-half space ^3 of 
degree 3. This correspondence gives a uniformization of the moduli space of 
the Picard curves by B2. The inverse of the period map was expressed in 
terms of special values of theta functions for the Jacobians of Picard curves. 
Shiga then found the representation of the map in terms of theta constants, 
which are automorphic forms on B2 with respect to the monodromy group. 
Inspired by Picard's results, the moduli spaces of the cyclic coverings of P 1 
branching at (n + 3)-points uniformized by the n-dimensional complex balls 
were classified by Terada ([[!]), Deligne and Mostow ( jDMj ). One specific 
three dimensional moduli spaces listed in ||DM|| was studied in [ |Ma|| similarly 



to Shiga: the inverse of the period map for a family of cyclic triple coverings 
of P 1 branching at six points was expressed in terms of theta constants. 



Date: July 20, 2000. 

The authors would like to express their thanks to Professors H. Shiga, M. Yoshida and 
K. Yoshikawa for stimulating discussions. Professor van Geemen kindly informed us of a 



conjectural relation between our expression of the inverse period map and that of [AF|, see 



2 



K.MATSUMOTO and T.TERASOMA 



Recently, Allcock, Carlson and Toledo showed that the moduli space of 
marked cubic surfaces can be uniformized by the 4-dimensional complex ball 
B4, though the period map for any family of cubic surfaces is constant. Let 
Y be the cyclic triple covering of P 3 branching along a cubic surface X. 
The intermediate Jacobian J(Y) of Y is a 5-dimensional abelian variety. By 
considering the normalized period matrix of J(Y), they obtain a point r in the 
Siegel upper half space 9)5 of degree 5. Since the abelian variety J(Y) admits 
an action of ^3, r belongs to the subdomain B4 = {r G ^5 | (Hr) 2 + Hr + I = 
0} in 9)5, where H = diag(l, 1, 1, 1, —1) and p m is the group of m-th roots 
of unity. As a consequence, they get a multivalued holomorphic map <p from 
the moduli space M. cs of cubic surfaces with marking of the 27 lines to the 
4 dimensional complex ball B4. Its image is an analytic Zariski open set 
of B4. In this manner, they get a period map. Moreover, the monodromy 
group of ip is an arithmetic subgroup Y of the unitary group {7(4, 1) and the 
induced holomorphic map per : M. cs — > T\B4 is a birational morphism. They 
define an action of PO(5, F3) ~ W(Eq) on T\B4 which is compatible with 
the classical action of the Weyl group W(Eq) on A4 cs through the period map 
per. 

In this paper, we study the action of W(Eq) on the (1 — p)-torsion sub- 
group J(y)i_ p (~ F3) of J(Y), where p is an automorphism of Y of order 
3. The intersection form on H^ lTn [X, Z) defines a F3-valued quadratic form 
q invariant under the action of W{Eq). To each element v in J(Y)i- p , we 
assign a theta constant 0„(r) on B 4 . It is easy to see that Q v (t) = for 
v S = {v G J(Y)i_ p I q(v) = 0}. The cubes of the non vanishing eighty 
(= #S) theta constants for v G S give a VF(i?6)-equivariant projective em- 
bedding © of T\B 4 . On the other hand, the moduli space of smooth cubic 
surfaces with marking of the 27 lines is isomorphic to the moduli space M.Q P t s 
of ordered 6 points on P 2 in general position. After Coble, there exists a 
VF(i?6)-equivariant projective embedding Z of M.§ p t s using 80 polynomials 
labeled by 5". The main theorem (Theorem |5.7|) of this paper asserts that 
the projective embeddings and Z coincide via the period map cp. As a 
consequence, we obtain the inverse of the period map <p. 

Here we explain the basic tool for our study. For a line L m. X, we asso- 
ciate a //3-covering C of L branching at twelve points. This curve C admits an 
involution a on C commuting with p and fixing exactly two points among the 
twelve, which are denote by {p = a(po),Poo = a{p 00 ),p 1 , . . . ,p 5 , a{pi), a(p 5 
The key fact in this paper is that the Prym variety Prym(C, a) is isomor- 
phic to J(Y). As a consequence, the periods of J(Y) are equal to those of 
Prym{C,a). Note that the brancing index of the ^-covering C — ► Cj < 
a,p >~ P 1 appears in the list of Mostow's paper ||Mo|| . A proof of the 



surjectivity of the period map after Allcock, Carlson and Toledo reduces to 
Mostow's results. Via the isomorphism Prym(C,a) ~ J(Y), the images of 
Pi, . . . ,p$ under the Abel-Jacobi map C — > Prym(C, a) form an orthonormal 
basis in J(Y)i_ p . Conversely any orthonormal basis of J(Y)x_ p can be ob- 
tained from one of the 27 lines. Thus we have a one to one correspondence 
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between the 27 lines and orthonormal bases of J(Y)x- p . This correspondence 
yields a dictionary between the geometry of the 27 lines and the geometry 
of (Fg,^). For example, two lines L\ and L2 intersect if and only if the 
corresponding orthonormal bases contain a common element up to signature. 
From this fact, we get a one to one correspondence between the 45 tritangents 
and the elements of length 1, modulo signature. Moreover we get a one to 
one correspondence between the 36 double sixes and the elements of length 2, 
modulo signature. As an application of this dictionary, we describe relations 
of degree 3 and 9 for theta constants in terms of the geometry of (Fg, q). 

We would like to explain the contents of this paper. In Section 2, we 
study the line geometry on the cubic threefold Y obtained by the ^-covering 
of P 3 branching along a cubic surface X. There we introduce a curve C, 
an involution a and an automorphism p of order three. The main result in 
this section is Corollary [D| the Prym variety of C for the involution a is 
isomorphic to the intermediate Jacobian J(Y) of Y. 

In Section 3, we introduce a symplectic basis Ai,--- , A§, B\, . . . , B$ of 
the intermediate Jacobian J(Y) of Y, which will be used to describe theta 
functions in Section 4. Thanks to the explicit description of the basis of 
topological cycles, we check that the images of the branch points under the 
Abel-Jacobi map form an orthonormal basis of the (1 — p)-torsion subgroup 
J(y)i_ p of J(Y). There we describe the correspondence between the 45 
tritangents and the elements of length 1 in F| and an explicit isomorphism 
between PO(5,Fs) and Aut(T st d), where T st d is the dual graph of a cubic 
surface. 

We introduce the theta function associated to the Prym variety equipped 
with a symplectic basis. We study the pull-back of theta functions by mor- 
phisms C — > Prym(C,a). 

In the last section, we state the main theorem. We define a projective 
embedding Z : M.Q, p t s — > P 79 of M.Q P t s by 80 polynomials labeled by S. The 
advantage of using these polynomials is that they behave well under the action 
of W(E G ). Using this description, we prove that the inverse of the period map 
can be described by theta constants defined in Section 4. 

Before closing this introduction, we give some remarks on degenerations of 
cubic surfaces. A nodal cubic surface is obtained from the blowing up of six 
points on a conic C. The intermediate Jacobian of the ^3-covering of the nodal 
cubic surface is isomorphic to the Jacobian of a /^-covering C of the conic 
C branching at the six points. Actually, the genus of this curve is 4 and the 
image of the canonical map to P 3 is a complete intersection of hypersurfaces 
H2 and H3 of degree 2 and 3 in P 3 . Let P be the blowing up of P 3 along the 
embedded curve C. Then we can contract the strict transform of H2. The 
resulting threefold Y is nothing but the //3-covering of P 3 branching along 
the nodal cubic surface. In the closure M. cs of the image of Z : Ai cs — > P 79 , 
the component of the boundary Ai C s — -M.es corresponds to the mirrors of the 
36 reflections in W(E^). The detail will appear elsewhere. 

Notations. 
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\i m : The group of m-th roots of unity in C x . 
S(r) : The imaginary part of a complex matrix r. 
M : The row vector consisting of the diagonal entries of an n x n matrix 



2. Line geometry of cubic threefold with ^-actions 

2.1. A normal form for cubic surfaces. In this section, we introduce a 
certain normal form for cubic surfaces. First we recall several well known 
facts about smooth cubic surfaces. Let X be a cubic surface, i.e. a smooth 
surface of degree 3 in P 3 . There are exactly 27 lines on the surface X 
and we can choose mutually disjoint 6 lines from them, which are written 
as Ei, . . . , Eq. Since the self-intersection numbers of these lines are —1, by 
contracting Ei, . . . , Eq to points Pi, . . . , Pq, we obtain the two dimensional 
projective space P 2 . The set of points Pi, . . . , Pq on P 2 are generic in the 
following sense: 

1. No three of Pi,...,Pq are collinear. i.e. there exist no lines passing 
through three points among the six. 

2. The six points Pi,...,P6 are not coconic, i.e. there exist no conies 
passing through the six. 

For i = 1, . . . , 6, there exists a unique conic Ci (resp. a line Ly) in P 2 contain- 
ing the Pj's (j 7^ i) (resp. Pi and Pj (1 < i < j • < 6)). The proper transforms 
Ci and Lij of Ci and are lines in X . Then Ei, . . . , Eq, Ci, . . . , Cq and Lij 
(1 < i < j < 6) are the 27 distinct lines in the cubic surface X . 

A notion of a marked cubic surface is defined as follows. We define the 
standard dual graph T st d as follows. (1) The set of the vertices consists of 
ei, Ci (i = 1, . . . , 6) and Uj (1 < i < j < 6). (2) is adjacent to cj if and 
only if i ^ j. (3) (resp. q) is adjacent to Ijk if and only if i G {j, k}. (4) 
lij is adjacent to Iti if and only if {i,j} fl {k, 1} = 0. (5) and ej (resp. q 
and Cj) (i ^ j) does not adjacent to each other. Then the dual graph T(X) 
of the 27 lines in X is isomorphic to T std . A marking \l/ cs of X is defined as 
an isomorphism \l/ cs : T(X) — * T st d of graphs. 

Since Pq is not contained in the conic Cq in P 2 , there are two tangent lines 
To and of Cq passing through Pq. The tangent points are denoted by 
Qo and Qoo- If L i6 tangents to Cq in P 2 , then L i6 fl Cq fl Ei consists of one 
point P. This point P is called an Eckardt point of X. If a cubic surface is 
sufficiently generic, then there exist no Eckardt points. Until the end of this 
section, we assume that X has no Eckardt points. We choose a coordinate 
(xq : Xi : X2) of P 2 such that 

1. the conic Cq is expressed 9, and 

2. the equations of the two tangent lines To and T^ are xq = and xi = 0, 
respectively. 



M. 
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Then Pi (i = 1, . . . , 5) are given by ( — : a; : 1) (a^ 7^ 0) and Pq by (0 : : 1). 

Now we define a polynomial h(x) and Sj (i = 1, . . . , 5) by 

5 

i=l 

=X 5 + SiX 4 + S 2 X 3 + S3X 2 + S4X + S5. 

The vector space of homogeneous polynomials of degree three on xq,xi,x 2 
vanishing at 6 points P±, . . . , Pq is four dimensional. A basis of this space is 
given by 

u — (^0^1 — X 2 )xq, 
Ui = (xqXi — X 2 )xi, 

u 2 = x\ + sixfx 2 + s 2 x x x\ + ssx xix 2 + S4X0X2 + s 5 xlx 2 , 

U3 = x\x 2 + SiXiX 2 + S 2 XqXiX 2 + S3XqX 2 + S/±x\x 2 + S^Xq. 



By eliminating xq,x±,X2, we get the cubic relation F(uq, u±, u 2l 113) = 0, 
where 

F(uq, -ui, u 2 , U3) =uqu\ + (s 2 uqUi + — u\)u 2 

- (Uiu\ + (S3U0U1 + Siu\ - S 5 ul)u3) 

- {s 2 u\ + S4ufu - S!S 5 ului - S3S5W0). 

This is the defining equation of the cubic surface X. Under these coordinates 
(u : • • • : U3), the proper transform Cq of the conic Cq is given by Uo = U\ = 0. 

Any point of Cq different from Qq and Qoo is expressed as (— : x : 1), 

x 

(x 7^ 0) and the corresponding point in the proper transform Cq is given by 
uq = u\ = 0, u 2 = —^h(x) and U3 = —^h(x). The projective coordinates of 
this point are given as 

(-Uo : Ui : u 2 : u 3 ) = (0 : : x : 1). 

2.2. Triple covering of P 3 branching along the cubic surface. Let 

F = F(uq, u\, u 2 , U3) be the defining equation of the cubic surface X as in 
2~T|. The cubic threefold Y in P 4 defined by u\ = F(uq, u±, u 2 , U3) is a cyclic 



covering of P 3 branching along X ~ {{uq : ■ ■ ■ : U4) 6 Y \ U4 = 0}. We define 
an action p of ( G P3 on Y by 

p : {uq : ■ ■ ■ : u 3 : u 4 ) h-> (u : • ■ • : U3 : (u 4 ). 

Definition 2.1. The subvariety of the Grassmann variety Gr(5, 2) of lines 
in P 4 consisting of lines in Y is called the Fano variety F(Y) of Y . (see 
\.) For a line I in Y , the subvariety Inc{l) of F(Y) consisting of lines 



which intersect with I is called the incidental subvariety of I. 

Remark 2.2. It is known fc./.[ |UG|| ) that the Fano variety F(Y) is a smooth 
surface and that Inc(l) is a divisor of F{Y). 
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Since X is the branch locus of the covering Y — > P 3 , a line L in X is a 
line in Y. In the rest of this section, we investigate the incidental subvariety 
Inc{C§) of the line Cq in Y and its normalization C. 

Let P be a point of in Y different from Qoo, Qo- Then its coordinates 
are (uq : Ui : U2 ■ U3 : U4) = (0 : : x : 1 : 0) (x 7^ 0). The line L joining 
two points (0 : : x : 1 : 0) and (a : 6 : c : : e) can be parameterized as 
(uq : • ■ ■ : M4) = (at, bt, ct + x, 1, et), (t G CU {00}). We consider the condition 
for a, 6, c, e so that the line L is contained in Y, i.e. F(at, bt, ct + x,l) = (et) 3 
holds for all t. By the straight forward calculation, we have 



aa; 2 =6, 

2acx + (s2a6 + 84a 2 — 6 2 )x =ssab + sib 1 — s^a^ 
ac 2 + (s2db + 54a 2 — b 2 )c =(s2b 3 + S4& 2 a — sis^,a 2 b — S3Ssa 3 ) + e 3 . 

By putting a = 1, we get b = x 2 and 

1 



■(a; 5 + six 4 — S2X 3 + S3X 2 — s^x — S5). 
2x 



4x e =h(x)h(-x). 

By setting y = 4 1 / 3 xe, we get a family of lines contained in Y parameterized 
by the curve 

5 

(2.1) y 3 = xh(x)h(-x) = x \\(a 2 - x 2 ) (x 7^0, 00). 

i=l 

By the map C 3 (y, x) — > (— : x : 1) G Cq, C is regarded as a ^-covering of 

C*6 . By direct computation, we can readily show that there are no lines passing 
through Qo (resp. Qoo) other than Cq. Therefore Iuc(Cq) = C° U {[Ce]}, 
where [Cq] is the point of Gr(5, 2) corresponding to the line Cq. Since Itic(Cq) 
has two tangents at [Cq] in Gr(5, 2), it is a curve only with a node. Thus we 
get a family of lines in Y parameterized by C. 

Note that the action of ^3 on the Fano variety is compatible with the action 
of C G fis on the curve C defined by (y — > (y,x — > x) G Aut(C). The action 

of u = ~^ v/ is denoted by p. 

2.3. Cylinder map. In this section, we introduce and investigate the cylin- 
der map induced by the family of lines defined in § [2.2| . Let U be the universal 
family defined by IA = {(p, x) \ p G C,x G l p }, where l p is the line correspond- 
ing to the point p G C, and let pr\ :U^C and pr 2 ■ U — >• Y be the natural 
projections. Then pr\ induces an isomorphism: 

prt : H\C, Z(-l)) H\U, Z(-l)). 

The Gysin map pr2* is the Poincare dual of the natural homomorphism pr\ : 
H 3 (Y,Z(3)) -> H 3 (U, Z(3)), i.e. pr 2 ,6 (6 G ff^W, Z(-l))) is an element so 
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that 

(2.2) a U pr2*b = pr^a U b 

holds for any a G H 3 (Y, Z). We define the cylinder map: 

c : H\C, Z(-l)) H\U, Z(-l)) ^ if 3 (F, Z). 

This is a homomorphism of Hodge structures. 

We define an involution a on C by y — > — y and x — > —x. 

Definition 2.3. involution a' on C is called the Clemens- Griffiths invo- 
lution if l p and l a n p ) are contained in a plane in P 4 for generic p EC. 

Proposition 2.4. The involution a coincides with the Clemens- Griffiths in- 
volution. Moreover the action of a commutes with the action of p. As a 
consequence the group \i§ of 6-th roots of unity acts on the curve C . 

Proof. By the definition of a, if l p is a line connecting (0 : : x : 1 : 0) and 
(1 : b : c : : e), then l a ( P ) is a line connecting (0:0: — x : 1 : 0) and 
(1 : b : c' : : e). Therefore both l v and l a { P ) are contained in the plane 
buo = iii,e«o = U4. The commutativity of the action of p and a is a direct 
consequence of the definition of a and p. □ 

Corollary 2.5. Let H X {C, Z(-l))+ = {«£ H X {C, Z(-l)) | a*(v) = v}, and 
H X {C,Z{-1))- = H 1 (C 1 Z(-1))/H 1 (C 1 Z(-1)) + . Then the cylinder map c 
factors through H X (C, Z(-l)) - . 

Proof. By Proposition |2]4|, if 1 (C, Z(— 1))~ is the maximal quotient on which 
the Clemens-Griffiths involution acts as the (— l)-multiplication. On the 
other hand, the Clemens-Griffiths involution acts on H 3 (Y, Z) as the (— 1)- 
multiplication and we obtain the corollary. □ 

The induced map H X {C, Z(-l)) - -> H 3 (Y, Z) is denoted by 0. The algebra 
over Z generated by p with the relation 1 + p + p 2 = is denoted by Z [p] . 
Then ^(C, Z(-l))" and # 3 (F, Z) are modules over Z[p\. 

Theorem 2.6. The morphism <p is an isomorphism as Z[p] modules. 

Proof. Since the action of p is compatible, (p is a homomorphism as Z[p] 
modules. We will prove that this is actually an isomorphism. Let D be the 
quotient of C by the involution a. Then by the Hurwitz theorem, the genus 
g(C) and g(D) of C and D are 10 and 5, respectively. Since the rank of 
H 3 (Y, Z) is 10, it is enough to prove the surjectivity. 

We use the same notations Cq, Inc{C§) C Gr(5, 2) as in the last paragraph. 
Let g : y —>■ A be a small deformation of the cubic threefold 3^o = Y over 
A = {t G C || t \< e} such that the generic fibers y t at t G A* = A - {0} 
are sufficiently generic. We can extend a line Cq to a family of lines C — > A 
contained in y. The family of incidental subvarieties / : T> — > A is a family of 
curves on A. By ||CG|| , the generic fiber T>t of T> at t G A* is a smooth curve 



of genus 11. Moreover the family of the Clemens-Griffiths involutions on the 
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fibers comes to be an involution a of T> preserving each fiber. Thus we have 
the relative cylinder map 

rV*z(-i) r 3 ^z, 

and it factors through the maximal quotient (FL 1 f*Z(—l))~ of R 1 /*Z(— 1) on 
which the involution a acts as the (— l)-multiplication: 

(R 1 /*Z(-1))" -> R 3 ^Z. 

Since g is a proper smooth morphism of cubic threefolds, R 3 (7*Z is a smooth 
Z-sheaf. By considering the rank of fibers and the specialization map, we get 
the smoothness of the sheaf (R 1 / + Z(— 1))~. On the other hand, by Theorem 
11.19 of [ C(i |, for i G A* the homomorphism 

(R7*Z(-l)) t - - K 3 g*Z t 

is surjective. Therefore 

(r7*z(-i))- - r3^z 

is surjective. Since /nc(Cg) is a curve with one node, whose normalization C 
is a curve of genus 10, we have 

(R\f*Z(-L))o ~#i(C, Z)- 
and we get the theorem. □ 



Remark 2.7. By the compatibility of cup products (\f2.3j ), the polarization of 
J{Y) given by the cup product is equal to the half of the restriction of the cup 
product on H X {C, Z) to H\C, Z)~. 

Let C, a : C — > C and D = C / < a > be as in the proof of Theorem |2^ . 
Since the double covering C — > I? branches at two points, the Prym variety 
Prym(C,a) = Ker(J(C) — > J(D)) is a principally polarized abelian variety 
(c.f.flMuj). This is isomorphic to the image of the morphism 

(2.3) (1-a) : J(C) ^ J(C) :v ^v-a(v). 

Via this isomorphism, Prym(C, cr) is regarded as the maximal quotient of 
J(C) on which the involution a acts as (— l)-multiplication. We have the 
following corollary to Theorem |2.6| . 

Corollary 2.8. Let core '■ J(C) — > J(^) 6e £/ie homomorphism induced by 
the correspondence C <— U —>■ Y , where J(Y) is the intermediate Jacobian of 
Y . The map c : Prym(C : a) ~ J(Y) induced by —core is an isomorphism. 

By the commutativity of a and p, p induces an automorphism of Prym(C, a). 
The induced automorphism is also denoted by p. It is easy to see that c is 
compatible with the action of ps =< p >. 
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2.4. The Abel-Jacobi map and the level map A. We consider the fol- 
lowing commutative diagram: 



Trprim 
n 2 



(X, Z) 



H 2 (X,Z) 



CH X [X) 



CH t (Y) 



H 9 (P\Z) 



CH^P 3 ) 



CH^P 4 ) 



M{Y) 
a 

J(Y) 



where CHi(X) is the Chow group of X of dimension 1, A\{Y) is the subgroup 
of CHiiY) consisting of algebraic cycles algebraically equivalent to zero, 
and H^ zm {X, Z) is the kernel of the natural homomorphism H2(X, Z) — > 
i^2(P 3 ,Z). Let / and /' be lines in X disjoint. Then the images of lines 
/ and /' in Y are algebraically equivalent. Thus the image of [I] — [V] in 
CHi(Y) is contained in A\(Y). Since H^ im {X, Z) is generated by elements 
[I] - [I'}, with I n V = 0, the image of fff rim (X, Z) is contained in A X (Y). 
The induced map Hl^ ira {X, Z) — ► A X (Y) is denoted by A. By composing 
A and the Abel-Jacobi map a : A\(Y) — > J(Y), we get a homomorphism 
A = a o A : if| rim (X, Z) — > J(F), which is called the level map for X. 

Let X be a cubic surface with a marking \l/ cs . We define an element Vi in 
J(F) by 

v i =A{[E i ]-[Ln]). 
The point of C denned by x = Gtj, y = (resp. x = 0, oo) in the equation 
( |2.1|) is denoted as pj (resp. Po,Poo)- The point pi (resp. cr(pj)) corresponds 



to the line E% (resp. L i6 ). 
j : C — > Prym(C, a): 

C3p 
C3p 



We define two morphisms jac : C — > J(C) and 



[p] - [p ] 6 J(C), 
[p] - [cr(p)] G Prym(C,a), 

where [p] is the divisor class of p. Then we have the following commutative 
diagram: 



(2.4) 



C 
J(C) 



Prym(C) 



A -a) 



-core 



J(Y). 



Proposition 2.9. Under the composite map co j 

C Prym(C, a) ~ J(Y), 
the image of pi G C is Vi. 
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Proof. By the definition of jac and c, we have 

jac(p) = [p] - [po], -cor([p] - [p ]) = -A([S<] - [C 6 ]). 

Since the involution a induces the (— l)-multiplication on Prym(C,a), we 
have -A([Ei] - [C 6 ]) = A - [L i6 ]). The diagram (U) yields the proposi- 
tion. □ 

3. Finite geometry for (1 - p)-torsion subgroup of the Prym 

VARIETY 

3.1. Symplectic basis for the curve C and Prym(C, a). In this section 
we introduce a symplectic basis of J(C) and Prym(C, a) compatible with the 
action of p. We assume that the cubic surface X has no Eckardt points in this 
section. To specify topological cycles of C, we assume that ai, . . . , G R 
and < ai < ■ ■ ■ < a^. The curve C can be expressed as /j,q covering of 
P 1 ~ C / < p, a >: put £ = x 2 in (|2.1|) , then the curve C is given by 

(3.i) y 6 = efl(£-^) 2 - 

i=l 

Note that x = rii=i( a f — _1 2/ 3 - The actions of p and a are given by 

p(y) = uy, p(0 = f , 
<r{y) = -y, = 

By gluing 6 copies of the ^-planes cut along the slit as in Figure 1, we get the 
curve C. Here the projection of the point pi to £ plane is denoted by & for 
short. We define topological cycles . . . , as in the Figure 1. In Figure 
1 the numbers written along paths are the label of sheet through which the 
paths are passing. Here the sheets are labeled with Z/6Z. The action of a 
(resp. p) sends the z-th sheet to the (i + 3)-th sheet (resp. (i + 2)-th sheet). 




Figure 1. /3 u ...,/3 5 . 

Put 

ai = -cr*p*(/3i), 
OLi = p*Pi (for i = 2,3,4), 
«5 = -p*/?5, 
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and ol\ = aai and (3[ = o~Pi for i = 1, . . . , 5. Then we have 

OLi • OLj =0, Pi- Pj = 0, Oti- Pj = Sij. 

Therefore the 1-cycles a±, . . . , a^, a[, . . . ,a' 5 and Pi, ... , P$, P[, . . . , P' 5 form a 
symplectic basis for the cup product on Hi(C, Z). 

The inclusion Prym(C, a) — ► J(C) corresponds to the inclusion H±(C, Z)~ - 
Hi(C, Z), where Hi(C, Z)~ is the (— l)-part of the action cr*. We have the 
following proposition. 

Proposition 3.1. The restriction of the half of the cup product on Hi(C, Z) 
to Hi(C, Z)~ gives a principal polarization on Prym(C, a); that is 

A, ■ Aj =0, Bi ■ Bj = 0, Ai ■ B 3 = -2<% , 

where 

Ai = ai - a'i, Bi = Pi - P[. 
Hx(C, Z)~ is a free Z[p]-module of rank 5 generated by Bi, . . . , B5. 



Remark 3.2. By the equation J[ ) of C , C can be regarded as a /jlq covering 
of P 1 branching at 0, 00, af , . . . , a§. The branching index of this covering is 

(-,-,-,-,-,-,-) under the notation of ID Ml , ||Mo|| . This index is contained 
m t/?.e ta6/e 0/ |Mo|1 . This fact gives another proof of the surjectivity of the 



period map. (See §5^ and Theorem \5. % ) Moreover, using the coordinate 
af , . . . , a§, the period map of J(Y) can be expressed by AppelVs hypergeometric 
functions. 



3.2. Orthonormal basis and the 27 lines. As in § |3.1| , we assume that 
< a\ < ■ ■ ■ < 05, and regard C as a 6- pie covering of the £-plane. Let 70, 
71 and 7$ (z = 2, ... 5) be the branches of paths connecting 00 and 0, and 
£1, and and ^ (i = 2, . . . ,5), respectively, illustrated in Figure 2. 



00 _ 1 


,1 | 


& >! | 




■ft > 1 | 


> 1 1 


^5 




' 7o 


7i 


72 


73 


74 


75 



















Figure 2. 70,..., 75 

An R linear combination of homology classes of a closed paths defines an 
element of the C-dual H°(C, O 1 )* of H°(C, O 1 ) by integration and this cor- 
respondence defines an isomorphism Hi(C, R) — > H°(C, fi 1 )*. Since this iso- 
morphism is equivariant under the action of a, the (— l)-eigen space Hi (C, R) 
for a is isomorphic to the C-dual of H°(C, fi 1 ) - . A path not necessary closed 
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also defines an element of H (C, 1 )*. From now on, a path means the cor- 
responding element in Hi (C, R) . The class of a path from p to q on C in 
#i(C, Kj/H^C, Z)(~ J(C)) corresponds to the divisor class [q] - [p] E J(C) 
by Abel's theorem. 

The paths j3\ , . . . , fa can be expressed as 

Pi = 7o- P 2 &7o, 

P2 = ~P 2 7o ~ P 2 7i +7i + P^7o, 

p3 = ~P 2 73 + 73, 

j3 A = -p 2 7 5 + 75, 

05 = 73 + 74 + P75 - P 2 75 - P 2 74 - P73- 

By the above equality, we have (1 — a)ji E j^Hi(C, Z)~ = {v E Hi(C, Q)~ 
(1 - p)v E HtiCZ)-}. We put 7< = (1 - a)ji (mod #i(C,Z)-). By the 
equality 

7o + 7i + 72 + 73 + 74 + 75 - P 2 75 - P74 - 73 - p 2 72 - P7i ~ P 2 °7o = °, 
we have 

7i = 8~i + fo, 72 = -25 2 + 83 — 2<5 5 , 7 3 = 5 3 , 
7 4 = -25 3 + 8 4 + 8 5 , 7 5 = <5 4 , 
where 5j is the class of j^-^Bi modulo Hi(C, Z)~ . Since X)}=i 7? ^ s a P a th 
from p to pi, (1 — a) X}j=i 7j * s a P a th from a(pi) to pj, which corresponds 
to the divisor class \pi\ — [c(pi)]. By Proposition propxor vi and ai, we have 
Vi = J2]=i 7j for i = 1, . . . , 5. More explicitly, we have 

(3.2) v 1 =8 1 +8 2 , v 2 = 8\ - 8 2 + 83 + 8 5 , 

V3 = h - $2 - h + 85, v 4 = 61-62+84- 85, v 5 =81 -8 2 -84- 8 5 . 

Definition 3.3. Let H3 be a free Z[p] module equipped with a skew symmetric 
form A which satisfies p(v) A p(w) = v A w. The hermitian metric h on H3 
is defined by h(v) = v A p(v). Since the value of the associated bilinear form 
q(x, y) = h(x + y) — h(x) — h(y) on H3 x (1 — p)i?3 is divisible by 3, q mod 3 
defines a F 3 valued bilinear form q on H 3 /(l — p)H 3 . We denote q(a,a) by 
q(a). Note that q(a) = 2h(a) (mod 3). (c.f. [|ATC| J 

We apply this construction to H 3 (Y, Z). Using the basis Aj, . . . , B5, one 
can check that the hermitian form h is isomorphic to 

(2 l\ m (-2 -l\ 
[l2j ® \-l -2 J 

as a quadratic form. Moreover, H 3 (Y, Z)/(l — p)if 3 (Y, Z) ~ F| is equipped 
with a F 3 valued quadratic form q. The multiplication by 1 — p 2 induces an 
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isomorphism from j^H 3 (Y, Z)/H 3 (Y, Z) to H 3 (Y, Z) ® Z[p]/(1 - p) and via 
this isomorphism g is considered as a quadratic form on 

Y^H 3 (Y, Z)/H 3 (Y, Z) ~ J(F)i_ p , 

where J(y)i_ p is the (1 — p)-torsion subgroup of J(Y). Let 5* be the image 
of 1 ^ p2 Bi in j^H 3 (Y, Z)/H 3 (Y, Z) under the map c in Theorem |2.6| . By the 
compatibility of the symplectic forms on -£/i(C, Z)~ and H 3 (Y, Z) stated in 
Remark p.7j , the quadratic form g is 

5 4 

i=i i=i 

By using this explicit formula and (|3.2|) we can check that {v±, . . . , v$} is an 
orthonormal basis. 

We interpret the geometry of the 27 lines in a cubic surface into the finite 
geometry over F 3 with the quadratic form q. Let {Li, L2, L 3 } be a tritangent 
of the 27 lines in X, i.e. L\, L2 and L 3 are contained in a hyperplane in 
P 3 . By choosing a marking of X, we assume that L\ = E±, L2 = L±q and 
L 3 = Cq. Then we have V\ = A([Li] — [L2]). Since [C&] is fixed under the 
Clemens-Griffiths involution and it acts as (— 1 ^multiplication on the image 
of A, we have 

(3.3) A([Ei] - [C 6 ]) = -A([L 16 ] - [C 6 ]). 

Thus A(2[C 6 ] - [L i6 ] - [^l]) = 0. It is easy to see that [Ei] - [L i6 ] (i = 1, . . . , 5) 
and 2[C 6 ] - [Lie] - [Ei] generates H% rim (X, Z) ® (Z/3Z) by direct calculation. 
Using this basis of H^^iX, Z) (g) (Z/3Z), we can show that g(A(f)) = 
(mod 3), where (, ) denotes the intersection form on H^^iX, Z). Therefore 
by the map A, J(Y)i- p is identified with the quotient of Hl^ %m {X, Z)(g>(Z/3Z) 
by the radical of the intersection form mod 3 on H^ irn (X, Z) . Since the action 
of W(Eq) on H2 Tirn (X, Z) preserves the intersection form, this action induces 
a linear map on J{Y)x_ p preserving the quadratic form q. Thus we have 
a map W(E 6 ) -> 0(5,F 3 ), where 0(5, F 3 ) = e OL(5,F 3 ) | g'g = I}. 
The composite Aut(T std ) -> 0(5,F 3 ) -> PO(5,F 3 ) = 0(5,F 3 )/{±/} is an 
isomorphism. 

The inverse of the above map is explicitly given as follows. By the equality 
( [373]) , we have 

±A([£i] - [Li 6 ]) = ±A([Li] - [C 6 ]) = ±A([L 16 ] - [O e ]). 

This equality implies that the map t from the set of tritangents to the subset 

T = {v= t (u 1 ,...,u 5 )eF 5 3 \ q(v) = 1}/{±1} 

of F 3 /{±1} is well defined. Two elements v± and V2 in T are said to be 
vertical if and only if q(v\, V2) = 0. 

Proposition 3.4. The map 

t : { tritangents of X} — > T 
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is bijective. Moreover by this bijection, two tritangents are collinear, i.e. there 
exists a common line in them, if and only if the corresponding elements in T 
are vertical. 

Proof. Since tritangents of X} = j^T = 45, it is enough to prove the 
injectivity of the map t. If Ti = {N ly N 2 , N 3 } and T 2 = {M 1 ,M 2 ,M 3 } are 
collinear, then we showed that t(Ti) and t(T 2 ) are vertical to each other, 
therefore the images are different. If Ti and T 2 are not collinear, then we may 
assume that Ni n Mi ^ for i = 1, 2, 3 and Nt n Mj = if % ^ j. Since two 
lines N 2 and M\ are disjoint, there are exactly 5 lines which intersect both 
N 2 and M\. Two of them are N\ and M 2 . The rest of them are written as F 3 , 
£4, E5. Then we can find E3 such that E^,F^, N 2 is a tritangent. We denote 
Ni = Ei, M 2 = E 2 . Then Ei, ■ ■ ■ , E§ are mutually disjoint lines. Moreover, 
there exists a unique line Eq such that E\, . . . , Eq are mutually disjoint lines. 
By blowing them down, we obtain a marking of X. In particular, N 2 = Cq, 
Mi = C 3 , T t = {£i,C 6 ,L 16 } and T 2 = {E 2 , C 3 , L 23 }. Note that the action 
of 65 on the set of tritangents and T are equivariant. The action of the 
transposition (14) is trivial on t(T 2 ) and non-trivial on therefore t{Ti) 

and t(T 2 ) are different. □ 

The explicit correspondence between the set of tritangents and the set T 
is given as 



By this correspondence, the group PO(5, F 3 ) acts on this set T. 

Since the set of the 27 lines in a cubic surface can be identified with 



it is also identified with the set L 

C = {v = {T u . . . , T 5 } C T I Ti is vertical to T 3 for 1 < i < j < 5}. 

The two lines fx and fi' corresponding to two elements v and v' in C intersect 
if and only if v and v 1 have a common element of T . Via this identifica- 
tion, -PO(5, F 3 ) acts on the graph T st( i and we have the map PO(5, F 3 ) — > 
Aut(T st d)- This map is the inverse of the map Aut(T st( i) — > -PO(5, F 3 ). 

For 1 < i < j ' < 6, the transposition of the index i,j for ei,Ci,hj in T s td 
induces an involution of T st d, which is denoted by r^. The involutions re- 
generate the symmetric group &q. The element ri2 3 of Aut(T st d) determined 




tiEiCjLij) = Vj - ^ (1 < h j < 5), 



t{LijL k iL mfs ) =Vi + vj -v k -vi. 



cs — 



{H = {Ti,...,T 5 } 



Ti are distinct tritangents 
which are colinear to each other. 
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by 

n.23 C#i) = Ljk,ri23(Ci) = Ci for k} = {1,2,3}, 
ri2a(Ci) = L jk ,r 123 (Ei) = E t for {i,j,k} = {4,5,6}, 
ri23(Lij) = Lij for i G {1, 2, 3} and j G {4, 5, 6} 

is an involution. Involutions r%j and ri 2 3 generate Aut(T st d)- 

On the other hand, for 1 < i < j < 5, the linear map i?^- G PO(5, F3) 
given by 

Rij(vk) = v k ^ fe), = "i, = u< 

is an element of 0(5, F3). In general, for a vector t> such that q(v) = 2, 
we define a reflection P„ G 0(5, F3) with respect to v by P„ |^f 3 = —1 and 
R v \ v ±= 1. The reflections for u = (1, 1, 1, 1, —1) and (1, 1, 1, —1, —1) are 
denoted by R^q and -R123, respectively. 

Lemma 3.5. Under the isomorphism l : Aut(T st <i) — > PO(5,F^), the invo- 
lution Tij in Aut{Y st( i) corresponds to the involution Rij in PO(F 3 ,5) for 
1 < i < j < 5. Moreover the involutions r 56 and 7*123 correspond to R$q and 
P123 respectively. 

Proof. The automorphism of ii/"| rim (X, Z) induced by R^q (resp. -R123) is the 
reflection with respect to the element [E5] — [Eg] (resp. [H] — [E\\ — [E 2 ] — [E3] ) . 
By the definition of the isomorphism between Aut(T st d) and PO(5,F3), r^ 
(resp. ri23) is the reflection with respect to AQP5] — [Eq]) (resp. A([.H] — 
[Ei] — [E2] — [-^3]))- Using the compatibility of q and the intersection form 
on P"f rim (X, Z), we get the reflection vector for r 56 (resp. 7*123). □ 

4. Zero of Theta functions restricted to curves 

4.1. Moduli space of abelian varieties with ps actions. We consider 
a moduli space of a certain kind of abelian varieties and its analytic ex- 
pression. Let J be an abelian variety. An element of H 2 (J,Z) is called a 
polarization if it is the Chern class of an ample divisor. By the isomorphism 
P" 2 (J,Z) ~ Hom(A 2 Hi(J,Z) — > Z), it corresponds to a symplectic form on 
Pi(J, Z). For a principally polarized abelian variety J with an action of /i3, 
the representation of ps on if°(0 1 ) is called the type of the action of p,s- 
Let us denoted by % the natural representation of ps on C. For a princi- 
pally polarized abelian variety with an action of p^ of type 4% © x, a natural 
F 3 -valued quadratic form q is defined on the (1 — p)-torsion part J\- p of J 
as in Definition |3.3| . A level (1 — p) structure is defined as an isomorphism 
^ab '■ ©f=iF3fi — > Ji-p such that {^ab( v l)t • • ■ 5 ^ ab(v^)} is an orthonormal 
basis. 

Definition 4.1. The set of isomorphism classes of triples (J,i,^> a b) is de- 
noted by M. a b, where J is a principally polarized abelian variety, i is a p^ 
action of type 4% © x an d ^ab is a level (1 — p) structure. 
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Remark 4.2. The orthogonal group 0(5, F3) acts as the right multiplication 
of ©f =1 F3^j. Through the equality g^ a b(v) = ^ a b(vg), we define the left 
action o/0(5,F 3 ) on M. a b- Since (J, 1, ~^> a b) is isomorphic to ( J, 1, — ^ a b) as 
triples, this action reduces to the action of PO(5,F 3 ) which is isomorphic to 
W(E 6 ). 

To obtain an analytic expression of Ai a b, we introduce the notion of homol- 
ogy marking. We define the standard module Mod s td as the free Z module 
generated by a\, . . . , 05, bi, . . . , 65. On the module Mod s td, we define a sym- 
plectic form <f> as 4>(ai, aj) = 4>(bi, bj) =0 and 4>(ai, bj) = —d^ and the action 
of p as 



(ai,..., a 5 , Pi,..., fa) 



where 



W 



-I 
H 



/aA 



a 5 
h 



-H 




i-> (a 1 ,...,a 5 ,p 1 ,...,p 5 )W 



/aA 



a 5 
61 



= diag(l, 



■,1,-1 



For a principally polarized abelian variety J with an action of ^3 of type 
4x © X, a homology marking is defined as an isomorphism ^hom '■ Mod s td — > 
J, Z) compatible with the symplectic forms and the action of p. The triple 
(J, t, $^ ora ) is called the homology marked abelian variety with an action of 
^3 of type Ax @ X- 

Definition 4.3. The set of isomorphism classes of homology marked abelian 
varieties (J, 1, ^hom) is called the moduli spaces of homology marked abelian 
variety and denoted by M.hom- 

The opposite automorphism group Aut°(Mod st d) is defined as the copy 
of Aut (Mod s td) whose product structure is defined by the reverse of that of 
Aut(Mod s td). The group Aut°(Mod st d) acts on Mod s td from the right. The 
group Aut (Modstd) acts on ^hom from the left by the rule (g^hom)( v ) = 
^hom(vg). If we use the basis ai, . . . , 65, Mod s td can be identified with the 
10 dimensional integer valued row vector and Aut°(Mod s td) is identified with 
the centralizer of W in ^(lO, Z). An element g in Aut°(Mod s td) acts on 
M hom by g(J,L,V horn ) nom ) • 

For a homology marking ^ hom : Mod st d -> H X (J, Z), {A 1 = ^ hom (a 1 ), ...,B 5 
^hom(bb)} becomes a symplectic basis. By using this basis, the module 
Hi(J,Z) is identified with the integer valued row vector space Z 10 . Using 
these data, we obtain a period matrix r in % = {t 6 M(5, C) | r = 
V, 3(r) is positive definite } such that W ■ t = r as follows. Let 4>i be a 



normalized 1-form on J. i.e. 



dij and set Tij 



<pj. In other 
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words, 



MA 

A, 



05) = 



Here we write A; 



i = / 4>j f° r simplicity. The matrix (ly)^- is called the 

JAi 

normalized period matrix. Then the normalized period matrix r is symmetric 
and 3(t) is positive definite. Let S be the matrix for the p* action on (4>i)i, 
i.e. 

p*(0i,...,0 5 ) = (01,..., fe)S. 
Then we have the following relation: 

MA MA 



A 5 



A 5 



, 05)^ _1 



Therefore we have £ = ifr and W • t = t, i.e. (Hr) 2 + Hr + 1 = 0. Here an 
element 







A B 
C D 



in 5p(10, Z) acts on % by g ■ r = (At + B)(Ct + D)' 1 for r G # 5 . Thus 
on the period lattice L = Z 5 r © Z 5 C C 5 , the action of p is given by the 
right multiplication of S. Under these notation, the action of p on J = 
C 5 /(Z 5 r © Z 5 ) is also given by the right multiplication of S. 



4.2. Moduli space of abelian varieties as a ball quotient. We give an 
isomorphism between the moduli space Aihom and 4-dimensional complex 

ball B 4 = . . . , £4) || x\ | 2 H h I £4 | 2 < 1}. 

Since the matrix ifr represents p* on H (J, O 1 ) with respect to the nor- 
malized 1-forms, there exists a unique eigen vector 77 =* (771 , • • • , 775) G C 5 up 
to constant corresponding to the eigen value u of the left multiplication of 
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Ht. In other words, we have Htt\ = urj. Since S(r) > 0, we have 

< fjQ(r)r) = t fj : — rj 

= — (-^fjHrj + u 2t fjHr]) 
2i 

Thus we have | rji | 2 + • ■ • + | 774 | 2 — | t] 5 | 2 < 0, so x = t (xi, . . . , X4) is an 
element of B4, where Xi = — (i = 1, ... ,4). We can regard B4 as an open 

V5 

set of P 4 = { t (r]i : ■ ■ • : 775)}. Conversely we obtain the normalized period 
matrix r from the vector x in B4. For any vector 6 G C 5 in the w-eigen space 
for the left multiplication of Ht, we have t 5Hr] = because of the equalities 

u t dHrj = t drr] = uo t dHrj. 

Therefore the matrix Ht can be characterized as 

Ht \ vC = u;-I, Ht \ v ± h = Q ■ I, 

where r\^ H is the vector space {5 \ t dHrj = 0}. As a consequence, we have 
the isomorphism 

B 4 ~ {r G ^5 I W ■ t = r}(~ M hom ). 

The module Mod st d is freely generated by Bi,...,B$ over Z[p]. Since 
the action of Aut°(Mod s td) is Z[p]-linear, Aut (Mod s td) can be identified 
with a subgroup £7(4, 1) of GL(5, Z[p]) using the Z[p] basis B\, . . . , B 5 . Here 
£7(4, 1) = {g G GL(b, Z[p\) \ l gHg = H}. For an element 

g = A + Bp (4,BeI(5,Z)) 

of £7(4, 1), the corresponding element i{g) in £]?(10, Z) is given by 

'H(A - B)H —HB\ 
BH A J ■ 

We define the orthogonal group 0(4, 1) by £7(4, 1) fl M(5, Z). Note that as in 
M.ab-i the action of —pi G £7(4, 1) on M.hom is trivial and the action of £7 (4, 1) 
on B 4 factors through the action of -P£7(4, 1) = £7(4, 1)/ < —pi >. 

A homology marking : Mod st d — ► Hi(J, Z), induces an isomorphism 

—^—Mod std / Mod std - Ji-p- 
1-p 

Therefore the elements Vi, . . . ,v$ in j^Mod st d/Mod s td given by the equality 
( p.2|) form an orthonormal basis in j^Mod s td with respect to the F3-valued 
quadratic form q. Using this basis, we get an isomorphism ty a f, : (BF^Vi — > 
Ji-p preserving the F3-valued quadratic form. This correspondence gives 
a morphism of moduli spaces M.hom — > M-ab- We define the congruence 
subgroup T(l — p) by 

r(l - p) = {g G £7(4, 1) C GL{5, Z[p]) \g = I (mod (1 - p))}. 



(4-1) l{3) 
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By the identification M.hom — B4, M. a b is identified with the quotient of B4 
by the congruence subgroup r(l— p) of U (4, 1). The action of A+Bp G U (4, 1) 
on B 4 C P 4 is given by t (rji, . . . , 775) 1— > (A + Buj 2 ) t (f]x, . . . , 775). 

4.3. Theta functions and their transformation formulae. We recall 
the transformation formula for the acton of Sp(10, Z) on theta constants (see 

!)• 

Definition 4.4. For (m',m") G R 10 and r G #5, we define theta functions 
© m (r, z), 0(r, z) and theta constants O m (r) as 

©(m',m»)( r ^) = ^(p + m'yip + m^ + ip + m'Yiz + m")), 
pez 5 

e(r, z) = 6(0,0) (t, 

©(m',m")( T ) = ©(m',m")( T ' 0)- 



Proposition 4.5. For any 



9= {c d) g ^(10,Z) 



and m = (m',m") G R 10 , put 

( r # *#) =((At + S)(Ct + D)~\z{Ct + -D) -1 ), 

m # =fi^- l + i((C*D)o,(A*fl) ). 

T/ien we /iaue 

(4.2) e m# (r#, z # ) = e(^z(Cr + D^C'z) det(CV + Df^u^g) ■ 6 m (r, z) 
where u(g) G C x depends only on g. 

Proposition 4.6. Let r G f)s 6e £/ie normalized period matrix of an abelian 
variety with an action of 7/3 of type 4% © \ . Then we have 

Q^i(r,z(HT)- 1 )=e(^zT- 1 z)Q hl ^ 1 (r 1 z). 

Proof. Since Hr is equal to the representation matrix of p* for the normalized 
1 forms 0i,..., 05 G H°(J, O 1 ), we have det(ffr) = 1. By applying the 



transformation formula in Proposition [O] for (7 = in § |4.1| , we have 



9|i,|i(t, ^t)- 1 ) =e(^T- 1 ^MW06_ j WJr) . ± x (r, z) 
=e(^r- 1 ^)n(W)e ilill (r,z). 

By evaluating this equality at r = diag(u, • • • , u, — ui 2 ), and z = l((i?r) _1 — 
J) -1 , we get u(W) = 1. Thus we get the proposition. □ 
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Definition 4.7. Let us fix a period matrix r G #5. The zero {z G C 5 
Q(z, r) = 0} o/O is invariant under the translation of the period lattice Z 5 r( 
Z 5 . Therefore zero locus o/O determines a divisor Dp rym ^ o/C 5 /(Z 5 r©Z 5 ) 
It is called the theta divisor for this polarization. 



As a corollary of Proposition |4.6| , we have the following proposition. The 
vector lr + 1 is denoted by I. 

Proposition 4.8. Let r be an element in f)5 satisfying the condition of Propo- 
sition^^. Then the divisor Dp rym ^ + |l is stable under the action of p. 

4.4. Zero of the restricted theta function. In this subsection, we assume 
that X has no Eckardt points and apply the results in § [L1||4.2| , |4.3| to the Prym 



variety Prym(C, a) for the double coverings of § [2.3| . Let C be a curve defined 
by the equation [O] with a; G R for i = 1, . . . , 5 and < a\ < ■ ■ ■ < a^. 
We consider the symplectic basis A±, . . . , A$, B lt . . . , B$ for the half of the 



cup product of Hi(C, Z) defined in § |3.1| . Let </>i, . . . , 05 be a basis of the 



(— l)-eigen space of holomorphic 1-form for the action of a. This is said to be 
normalized if 



B, 



s i:j . 



Then Ai, . . . , B5 and 0i, . . . , </>5 are regarded as a symplectic basis for H\{Prym{C, cr), Z) 
and a normalized 1-form on Prym(C, a) for the symplectic base A±, . . . , B5. 
We define the normalized period matrix r as in the last subsection. Then the 
Prym variety Prym(C, a) is isomorphic to the complex torus C 5 / (Z 5 r © Z 5 ). 

Let 7 be a path in C connecting Q and p. The integral of (f) = (0i, . . . , 05 ) 
along this path is written by Jq q <fi for short. Since Qo is fixed under the 

action of a, the path 7 — (7(7) connects a(p) and p. The integral J^ p ^ 

of along 7 — (7(7) is a C 5 valued holomorphic function on the universal 
covering of C. The theta function O m (r, z) is denoted by O m (z) for simplicity. 
For v G C 5 , we consider a holomorphic function Qi 1 ii(v + f a r p ) 0) on the 
universal covering of C. By the quasi periodicity of theta functions, the order 
of zero of the function Gi^i^w + fa(p) $ depends only on p in C. 

First we investigate the order of zero of the function Oi^i^f + f a ( v > l 4>) a t 



p G E = {pi,...,P5,o'CPi) s --- } o'(P5)»Po J Poo}, where t> G y^L = ^(ZVffi 
Z 5 ). The class of f^( p \ for p G £ in j^L/L is denoted by j(p). Then the 

map j : C — > C 5 /L ~ Prym{C,a) ~ </(X) is equal to the map j defined 
in Proposition |2.9| . Therefore j(p) G j^L/L for p 6 S and = t>i 



and j(c(pi)) = —V{. Using the F 3 valued quadratic form q introduced in 
Definition |3.3| , the order of zero of theta function modulo 3 is give by the 
following proposition. 

Proposition 4.9. The order of zero of 0(|l + v + f a ^ 0) at p G £ is equal 
to q(v + j(p)) modulo 3. 
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Next, we study the zeros of the pull back of the theta functions by the ^3 
equivariant maps j + v for v G Prym(C, a). Even though the theta divisor de- 
pends on the choice of symplectic basis of Hi(Prym(C, cr), Z), the cohomology 
class ci(Dp rym Q) G H 2 (Prym(C, a), Z(l)) of the theta divisor is indepen- 
dent of the choice of symplectic basis and it is equal to Y^i=i A% A B*, where 
{A*, . . . , A5, £?*, . . . , B£} is the dual basis of the symplectic basis. The degree 
of the inverse image of -Dp r ym,e by j is equal to the image of ci(-Dp ryr7l) e) 
under the morphism 

H 2 (Prym(C,a), Z(l)) -A tf 2 (C,Z(l)) ^ Z. 
Using the relation 

m*)=<-«f, 

3* (B*) 

and deg (jac*( a* A/3*)) = 1 for jac : C — > J(C) defined in §pT4] and z = 1, . . . ,5, 



we have deg(j*(^ i=1 A* AB*)) = 10. As a consequence, we have the following 
proposition. 

Proposition 4.10. Let v G Prym(C,a). Suppose that the image of j + v : 
C — > Prym(C, a) is not contained in the theta divisor Dp ryrn Q. Then the 
degree of the inverse image of Dp rym Q by the map j + v is 10. 

Now we apply Proposition |4.9| and Proposition |4.10| to compute the mul- 
tiplicities of zeros of Q(v,p) = 0(|l + v + f a ^<f>)- For an element v = 
i\v(pi) + ■ ■ ■ + ^5v(ps) the Hamming distance dis(v) of v is defined by 

dis(v) = #{z I & ^ 0}. 

Note that q(v) = dis{v) ( mod 3). If dis(v) = 0, 1, 5, then Q(v,p) = 0(±I+v + 
fa(p) * s identically zero. In fact, for example, if dis(v) = 0, then Q(v,p) = 
forp = pi, ■ ■ ■ ,P5, o~(pi), . . . , a(p 5 ). Moreover ifp = po,Poo, 0(v,p) = 0. Since 
the degree of the restriction of theta divisor is 10, @(v,p) is identically zero. 
For v such that dis(v) = 2, 3, 4, we have the following table. 
The case dis(v) — 2, for example v = v(pi) + v(p 2 ), 

point pi p 2 p 3 P4 Pb Po 
order 2 2 2 



point cr(pi) a(p 2 ) cr(p 3 ) a(p A ) a(p 5 ) p^ 
order 1 1 2. 

The case dis(v) = 3, for example v = v(p\) + v(p 2 ) + v (P3), 

point pi p 2 p 3 P4 P5 Po 
order 1 1 



point er(pi) a(p 2 ) cr{p 3 ) a(p 4 ) cr(p 5 ) p^ 
order 2 2 2 1 1 0. 
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The case dis(y) = 4, for example v = v(pi) + v{p2) + v(ps) + v(p4), 

point pi p 2 p 3 P4 Pb Po 
order 11112 1 

point cr(pi) a(p 2 ) a(p 3 ) a(p 4 ) a(p 5 ) p^ 
order 2 1. 

Since the degree of the function Q(v,p) is 10, the function <d(v,p) never 
vanishes outside of E for v such that dis(y) = 2, 3,4. 

4.5. Rational map M. a b — ► P 79 denned by the theta constants. We 

define a rational map M. a b — ¥ P 79 by using theta constants. Let us define a 
subset S of Fg by 

S = {v G Fjj - {0} | = 0}. 

The subset of S consisting of v such that v ■ r = (resp. w • r ^ 0) is 
denoted by S r (resp. SV), where r = (1,1,1,1,1). Note that #S = 80, 
#Sy = 20 and #SV = 60. We define the theta characteristic 0„ indexed by 
v = (v^\ . . . , v^) G S 1 as follows. Let -D be an element of Z 5 such that v = v 
(mod 3). Let 

n = (-1, -1, -1, -1, -1), r 2 = (-1, 1, 1, 1, 1), r 3 = (0, -1, 1, 0, 0) 
r 4 = (0,0, 0,-1,1), r 5 = (0,1, 1,-1,-1), 

and define $ = {r\ ■ v, . . . , r$ • v). Then we have 

(n • H + (r 5 • C)<5 5 = u H + v {5) v 5 G y^L/L, 

where Si = 1 ^ p2 
Lemma 4.11. Set 

m= 1(1,1) + £), 

then the theta constant 0^ is independent of the choice of a lifting v of v to 
Z 5 . 

Proof. If we replace v by v + 3h with h G Z 5 , then j3 and m are replaced 
by j3 + 3g and fa + (—gH, g) respectively, where g = (r\ ■ h, . . . ,r$ ■ h). By 
applying the quasi-periodicity of theta functions: 

9(m',m") + (p,q) = e (^' ' *<?)@(m',m") 

for theta constants to vnl = \l — \f3H, m" = \\ + |/?, p = —gH and q = g, 
we have 

®(m',m") + (p,<?) = e ( 3 ' m ' ' 9)®(m',m") 

= e(3 .(I(l,l)-I/Ji0 .«(/)ef m , >mW) 
3 5 

= e(-(X)ri-fc)-^.*(/)ef m , |m „ ) . 
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Since the entries of ^2 i=1 r« are even, O 3 ^ is independent of the choice of v. □ 

The theta constant O 3 ^ is denoted by 6 3 . Note that 0„ is well defined only 
up to the multiplication of ^3. The isomorphism ©f =1 <5i — ffif =1 i>i defined 
by the equality (|3.2| ) induces a morphism ©f =1 jz-Z[p]Bi — > ffif =1 F 3 fj and a 
homomorphism tc : £7(4, 1) — > 0(5, F3). We have the following proposition. 



b 



Proposition 4.12. 1. For v E S, we have Q 3 _ v = — O 3 . 

2. The quotient el{r)/e%( r) comes to be a rational function on M. a 

r(i- P )\B 4 . 

3. Forv E S and g E 0(4, 1) C U(4, 1) such that (l-g-lfl = (mod 4), 
we have 3 (t(g)(r)) = c (fi , )©^ 7r ( s )( r )- Here c(g) is a constant depending 
only on g E 0(4, 1). As a consequence we have 

( 4 -3) S(^)(r)) = S^(r) 

/or v,w E S. 

Remark 4.13. For any v E F| swc/i £/ia£ g(u) = 2, we can choose a lifting v 
in j-j-2 ©f = i -BiZ suc/i £/ia£ /i((l — p 2 )w) = —2. For example, we can choose 
J ^(B 1 + B 2 -2B 5 ) and T ^(4B 1 +3B 2 + 3B 3 +6B 5 ) as liftings of h + fo+h 

and Si, respectively. The reflection for the root (l — p 2 )v satisfies the condition 
of 3 of Proposition ^J^. Therefore for any g E PO(5, F3), there exists an 
element g E 0(4, 1) such that the equation (\4-3j) holds. 

Proof. 1. We choose — v as a lifting of —v. For a vector m E Q 10 , we have 
G_ m = G m for theta constants. Therefore we have 

e_„ = 6i (1]1)+ i(^_^ 

= 9 i(i,i)+i(-W)+(i,i)' 
We use the quasi-periodicity for theta constants. The equality 

e(3-(il-i/3H) •* 1) = -1, 

yields e 3 _ v = -e 3 . 

2. It is enough to prove that @ v (r) 3 /@ w (r) 3 is invariant under the action of 
generators of T(l — p). The group T(l — p) is generated by complex reflections, 
(c.f. [|ATC|| ) and the invariance under reflections can be proved similarly as in 



|Ma[ j, Proposition 5.4, |Shi| , Lemma 4.1 



3. We apply the transformation formula to compute m (i(^)r), where 



m = 7j(l, 1) + g(— $H, (3). We use the notations m#, z# of Proposition [15 



By the definition of the embedding 0(4, 1) — > Sp{lQ, Z) given in ( |4.1| ), we 
have 

m# = (i(l,l) + i(-^iJ,^))^) = ifl^ff, la) + ^(-/3oifJa). 
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Since we can choose v ■ g as a lifting of v ■ 7r(g), V7r ( g ) is equal to mi , where 

mi = ±{l t l) + ±(-PgHjg). 

To use the formula Q4.2| ), we write mi = (m', m"), m# = mi + (p, q)- Then 
we have 

m- * q = (±i + q±p g ii). \ l -lg- l -l). 

Since lg = 1 ( mod 2), 3 ■ m'*^ is an integer if (lg — 1)*1 = ( mod 4). □ 
By the second part of Proposition f4.12| , © = (0„) defines a rational map 
(4.4) 6 = (Q v ) veS : M ab - P 79 . 

5. 80 POLYNOMIALS AND THETA CONSTANTS 

5.1. Moduli space of cubic surfaces and the action of W(E 6 ). We 
introduce two moduli spaces: the moduli space J\A CS of cubic surface and the 
moduli space Ai^pts of ordered six points on the projective plane. 

Definition 5.1. The set {(X,^> cs )} of marked cubic surface is denoted by 
M. cs . It is equipped with a structure of algebraic variety. 

Remark 5.2. An element g of the automorphism group Aut(T s td) of the 
standard graph V acts on M. cs from the left by (X, \I/ CS ) i— > (X, g o \I> CS ). 

Definition 5.3. We define an open subset M.Q P t s of the moduli space of or- 
dered 6 points in P 2 as 

any 3 points are not 
M 6pt s = {p = (Pi, . . . , P 6 ) e ((P 2 ) 6 /^(P 2 )) | collinear and 6 points }, 

are not coconic. 
where the group Aut(P 2 ) acts diagonally on (P 2 ) 6 . 

For an element (X, ^ cs ), the contraction Z of X by the (— l)-lines corre- 
sponding to ei, . . . , e$ is known to be isomorphic to P 2 . Therefore the images 
Pi, . . . , Pq of ei, . . . , ee in Z gives an element of M.§ p t s . This correspondence 
defines a morphism form M. cs to M.§ p t s -, which is known to be isomorphic. 

The group Aut(T st d) acts on M.§ p t s via this isomorphism. Here we describe 
the action of Aut{Y st d) on M.Q P t s for the later use. The involution maps 
(Pi,...,P,--- ,P J5 ...,P 6 ) ^ (P 1 ,...,P j ,.-. ,P,...,P 6 ). Let h : P -> P 2 
be the blowing up of P 2 with the center Pi U Pi U P3 and 62 : P — > P 2 be the 
contraction of the strict transforms of £23,-^31 and Li 2 to points Pi,P 2 and 
P3. The composite rational map 62 b^ 1 ^ s denoted by Qi23- The involution 
r 123 corresponding to the map 

(Pi, . . . , P 6 ) -> (P{, P^ Q 123 (P 4 ), Ql2 3 (P 5 ), Ql2 3 (P 6 )) 

can be described as follows. If four points Pi , . . . , P4 are generic position, 
using the action of GL(3, C), we can normalize them as (1 : : 0), (0 : 1 : 
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0), (0:0:1), and (1:1: 1). If we write the points P5, Pq as (1 : x\ : X3), (1 : 
X2 : £4), then the image of this (Pi, . . . , Pq) under 7-123 is 

((1:0: 0), (0 : 1 : 0), (0 : : 1), (1, 1, 1), (1, x±\ x^ 1 ), (l,x^,x^)). 

We define a morphism per from M. cs to M. a b after Allcock-Carlson- Toledo. 
Let (X, \I/ CS : T(X) — > T st d) be a marked cubic surface. The line \D , ~ 1 (ei), 
^~J-(ci) and ^Qs{hj) are denoted as E{, Ci and Ljj respectively. Let Y 
be the //3-covering of P 3 branching along X. Then Vi = A([Ei] — [L»6]) 
(z = 1, . . . , 5) forms a orthonormal basis of J(Y)i_ p and this basis defines a 
level (1 — p)-structure : F| — > J(Y). With the natural polarization on 
J(Y), (J(Y), 6, ^ab) is an element of M. a b- 

Definition 5.4. TTie above correspondence 

(X,V C8 )^(J(Y),i,y ab ) 

defines a morphism from Ai cs to M. ah . This morphism is called the period 
map for cubic surfaces and denoted by per. 



Proposition 5.5. The actions of Aut(T st d) and PO(F 3 ,5) on M. cs and M. a b 
are equivariant via the morphism per. 

5.2. Projective embedding of A4 CS defined by 80 polynomials. Let 

Pi = t (Pn, Pi2, Piz) be an element in C 3 . For each element v G S, we attach 
relatively invariant polynomials Z v on (C 3 ) 6 under the action of (g,t) G 
GL(3, C) x (C x ) 6 defined by p = (Pi, • • • , P>) -> (hgPi, ■■■ , UgP G ), where 
t = (ti, . . . , to). 

The determinant det(Pj, Pj, P/-) is denoted by -Dyfe. We define 

P^ = *C^ii) Al) -^3) Pi\P%2, PilPiZ, Pi3pl) 

and -D1...6 = det(P{ , . . . , P 6 ). Let k, I, m be distinct elements in {1, 2, 3, 4, 5}. 
For + Vj + v k G S, we define a polynomial Z Vi+Vj+Vk by 

( — l) l+: ' +fc -^Ui+i> J +Vfc = DijkDlm&D\---&i 

if z < j < k, I < m. In the same way, we define a polynomial Z Vk+Vl _ Vm by 

^^fc+u;— v m P^iklP^jklP^km%P^lm%P^mijP^%ij- 

For general v E S, we define Z„ by the rule Z_„ = — Z„. If Pj is not zero, Pj 
determines a point in P 2 and it is denoted by Pj. Note that Z^'s are not zero 
if p = {Pi, . . . , P 6 } G (P 2 ) 6 is a point of M.§ p t s - Therefore (Z v ) ve s defines a 
morphism to the projective space P : 

(5.1) Z = (Z v ) veS :M 6pts ^V 79 . 

According to fC|, ||DO|| and 0, this projective morphism is actually an em- 
bedding. Via the isomorphism from M. cs to M.Q P t s , we regard the morphism 
Z as that from A4 CS to P 79 . The subgroup in (3(F 3 ,5) generated by 
(i < j) is isomorphic to and Rij corresponds to the transposition (ij) via 
this isomorphism. 
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and it is identified with ©6- An element g in ©6 acts on (C 3 ) 6 by 

P={P 1 ,...,P 6 )^g-P= (iVi(i), . • • , P ff -i(6)). 

Note that this action is compatible with the action of Aut{T s td) on M.Q P t s - 

Proposition 5.6. For an element g G &q, we have 

Z v (g ■ P) = Z vg (P). 

Proof. It is enough to prove the proposition for i?i2, . . . , P56 G ©6- Note that 
if v G S r (resp. v G Sf) then v- g G S r (resp. u G Sf)- Therefore we can check 
that the proposition by the definition of Z v . □ 

For the statement of the main theorem, we recall notations. 

• Ai cs : The moduli space of the marked cubic surfaces. See Definition 



5.1 



M. a b'- The moduli space of 5-dimensional abelian varieties with actions 
of ^ of type 4% © x an d level (1 — p)-structures. See Definition |4~T| . 
Z: The morphism from M. cs to P 79 defined by 80 polynomial after 
Coble. See flO]) in §|5~2. 



per: The period map for the cubic surfaces after Allcock-Carlson- Toledo. 
See Definition |5.4| . 

0: The morphism form M. a b to P 79 defined by 80 theta constants. See 



in S 
The main theorem of this paper is the following. 

Theorem 5.7 (Main Theorem). The following diagram commutes. 

Mr., 



per 




>79 



M ab 

In other words, (Z v ) ve s = (® v )veS ^ n P 79 - I n particular, per is an iso- 
morphism from M. cs to the open set U of M. a b defined by n„ 6 s{0,, ^ 0}. 



Note that the second statement is announced in |[ATC|| . 
5.3. Proof of Theorem |5.7| . 

Proposition 5.8. Via the morphism per : M.Q P t s -Mab, we have 



(5.2) 



B 3 

vi+v 2 —v 3 



7 ' 



where c is a 6-th root of unity. 
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Proof. In this proof, for two non zero functions /, g we write / « g if there 
exists a 6-th root of unity c such that / = c • g. To prove the equality (|5T2|), it 
enough to show this on the open set of M cs corresponding to cubic surfaces 
with no Eckardt points. We use the normal form of 6 points as in §|2.1; 



Pi = (1 : af : a 4 ) for % = 1, . . . , 5, P 6 = (0 : : 1). 

Since D ijk « (a* - Oj)(oj - a fc )(a fc - a;) for i, j, fc ^ 6, Aj 6 ~ a? - a| and 
^i-6 ~ ni< l<J < 5 ( a * - a i)' we have 

^ q Z Vi+v 2 +V3 ^ (gg - Q2)(a3 - fli) 

(a 3 + a 2 )(a 3 + ai) ' 

For a point p = (x, y) E C, we define a C 5 multi- valued function i(p) = J^ p ^ 4>- 
As we mentioned, depends on the path connecting po and p. We choose 
a lifting 5j = ^(—SiHr + Sj) of in jzr^L. Then p(t>i) = ^(2siHr + Sj) and 
p 2 (vi) = ^(—SiHr — 2sj). By the quasi-periodicity for theta functions, the 
multivalued meromorphic function 

(5.4) /( p) = nLg(|i±j^±M±M, 



on p becomes a single valued rational function on C. Using the table of §4.4 



we have the following table on the order of zero of the numerator and the 



denominator at pi = (a^, 0) of (|5.4|) 



point 


Pi 


Vi 


P3 


Pi 


P5 


Po 


order of numerator 





6 


6 








6 


order of denominator 





6 


3 








6 


point 


o-(pi) 




v{P3) 


0"(P4) 


0-(P5) 


Poo 


order of numerator 





3 


3 








6 


order of denominator 





3 


6 








6 



X — (Z 3 

As a consequence, the rational function f(p) is equal to c • , where c is 

x + a 3 

a constant independent of p. 

First we evaluate the function f(p) at p\. The value f(pi) = c ■ — is 



equal to 

ai -a 3 _nLo e (l I + P i (^2 + V3) +vi) 



ai + a 3 



(5.5) c 



ai+a 3 nto (| I + /° l (^2 -v 3 ) +vi) 

r2 



Ili=0 e) |(l,l)+P i (^+^3)+«l A rr Tjt \ 

—2 — ^ e(-s 2 HrH s 3 ) 



rii=o ®i(i,i)+p i («2-^ 3 )+«i 3 

Here we used the relation between theta functions and theta constants: 

6( a> 6) = ©(a^ + 6)e(^ar*a + a*6). 
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Next we consider the limit lim a .^ cr ( P2 ) f(p) = c . To compute the 

— CL2 + a 3 

limit of theta functions, we choose a path from Q to p such that i(p) tends 
to — V2 if p tends to 0"(p 2 ). Using this path, h = V2 + i(p) is a function on C 
defined on a neighborhood of cr(p 2 ). We can choose a local parameter u of C 
at (7(02) such that w(o"(p 2 )) = and h(—u) = —h{u). Since the order of zero 
of 

1 1 

f(u) = e(-i + p l (v 2 + v 3 ) + t(p)) = e(-i + p l (6 2 + u 3 ) - c 2 + 

F(u) 

at it = is one, we have lim — = — 1. Therefore we have 

u^o F(-u) 



(5.6) lim 



G{±I + p l {v2 + d 3 ) + L{p)) 



x^a(p 2 ) 6(il + P 1 (V 2 ~ V 3 ) + t(p)) 

= lim edi + ^fe + tis) ~^2 + M^) 

~ "^0 9(|I + pi({? 2 - v 3 ) -V 2 + h(u)) 

0(±I + p l (v 2 + v 3 ) -v 2 + h(u)) 
= lim 

u-0 9(|I + pi(y 2 + V 3 ) -V 2 - h(u) + W) ' 

where w = —(1,1) + 2{S 2 — 2p*({; 2 ) G Z 10 . Put 10 = (w',w") and use the 
equality 

6(2; + ar + 6) = e(— -ar*a - a t z)Q(z), 
for a, b G Z 5 , then we have 

6(^1 + p l (6 2 + v 3 ) -v 2 - h{u) + w) 
=6(^1 + p\v2 + v 3 ) -V2- h{u)) ■ e(--w'rV - w n zi), 
where Z\ = |l + p l (v2 + v 3 ) — -D 2 — h(u). Therefore the limit ( fOp is equal to 
-e(^wVV + w n (-l + p l (v2 + v 3 ) - V2)). 



Multiplying the equality ( |5.6j ) for i = 0, 1, 2, we have 

(5.7) c.^^^e{ A -s 2 HrHh 3 ). 

— a 2 + a 3 6 

By the equality Q and 0, ©^ 1+ ,; 2+ „3/0^ 1+ ^ 2 _„3 is equal to the right 
hand side of ( |5.3| ). 

□ 

The following combinatorial lemma is straight forward. 

Lemma 5.9. We put eo = v 1 + t> 2 — f3,/o = f 3 + f 5 — f4 (Vesp. eg = 
i>l + v 2 + t>6)/o = ^1 + ^2 + TTien /or any elements e, / G 5V (Vesp. 

e', /' G S r ), there exist gi,...,gk G ©6 (resp. g[,...,g' k G such that e = 
eo9i, fo9i = e 92, fo9k = f (resp. e' = e' g[, f' Q g' x = e' g' 2 , f' Q g' k = f). 
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For elements v, w G S, we consider the following equality EC(v, w,c): 

03 2, 

EC(v,w,c) 7vT = c '^- 

®t Z w 

For example by Proposition the equality EC(vi + v<i +vs, V\ + v% — Vs, c) 
holds. By Proposition |4.12| and Proposition |5.6|, the equality E(v,w,c) implies 
E(vg,wg,c) for g G & 6 . 

Lemma 5.10. For elements v,w G SV, fresp. v,w E Sf) the statement 
EC(v, w, 1) holds. 

Proof. By applying (56) G ©6 to the equality EC(v\ +V2 + v^, V\ + t>2 — t>3, c), 
we have the equality EC(v\ + v 2 + V3 , V3 + v 5 — U4, c). Therefore we have 
7 7 7 

ZJ V\+V2—V3 Zj Vl+V2+V3 — 1 Zj Vl+V2— "3 

7 7 7 

^Vz+v^—Vi * J v 3 +v s ,—v 4 * J v 1 +v 2 +v 3 

P) 3 B 3 

_ v ^TJl+^2+"3 ^1+^2— ""3 

_ 03 '03 

V3+V5—V4 ^Vx+V2+V3 

03 

_ ^1+^2— ""3 

~~ e 3 

v 3 +v 5 —v 4 

Thus we have the equality EC(eo, fo, 1), where eo = f 1 + t>2 — ^3, fo = 
v 3 + v 5 ~ V A- F° r given e, / G S>, we can choose gi,. . .,g k G ©6 such that 
e = e o9ii fo9i = e o92> ■ ■ ■ i v f9k = / by Lemma jO] , Using these elements 
5(1, ...,g k ,we have 

_ -^e 3i -^e g 2 Z eo9k 



Z f Z fo9i Z fa92 Z fo9k 
03 

and the similar equality for — J-. The equality -E(eo, /o, 1) implies E(eo-gi, fo • 

gfj, 1) and as a consequence, we have the equality E(e, /, 1) for e, / G Sf . 

In the same way by applying (36) G ©6 to the equality EC(vi + V2+V3, + 
^2 — ^3, c), we get the equality EC(v\ + v 2 + t>6, f 1 + u 2 — ^3, c). By taking 
quotient, we have EC(eo, fo, 1), where eo = f 1 + f2 + vq, fo = v\ + t>2 + U3. 
Again using Lemma |5.9| and the same technic as S>, we get EC(e, f, 1) for 
eJeS r . □ 

Proof of the Main Theorem. We can directly check the equality 

7 7 

y 1 -(7-123(2;)) = (x). 



By Proposition |4.12| , we have the equality EC{—V\—V2—v±, ^2+^4 — ^5, 1)- As 
a consequence we have EC(v, w, 1) for all v , w G S and get the commutativity 
of the diagram in the main theorem. 

We prove the last part of the theorem. By [¥]], the map A4 C s —* U is an 
isomorphism. Thus the map per is proper morphism and the image contains 
an open dense subset and it is surjective. By the commutativity of diagram, 
since per is injective, it is isomorphism. Thus we get the last statement of 
the main theorem. □ 
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5.4. Relations for theta constants. As an application of the main theorem 



577] , we prove identities satisfied by theta constants. The following linear 
relation between Z v 's is one of the Plucker relation for (3 x 3)-minors in 
(3 x 6)-matrices : 

Z Vl + Z V2 + Z Va + Z VA = 0, 

where v x = (1,1,0,1,0), v 2 = -(1,0,0,1,1), v 3 = (0,1,1,0,1) and v 4 = 
— (1, 0, 1, 1, 0). Since the elements ±i>i, . . . , ±i>4 are characterized as the set 
of S/{±1} vertical to w x = (1, 1, 1, 1, 1) and w 2 = (1, 0, 0, -1, 0). Note that 
q(wi) = q(u>2) = 2, w\ ■ w 2 = and the set {vi, . . . , V4} satisfies the condition 
Vi • Vj = 1 if i 7^ j. If another representative {v[, . . . , v' 4 } of ±v\, . . . , ±V4 
satisfies the same condition, then v[ = V\ , . . . , u 4 = V4 or v[ = — V\ , . . . , v' A = 
—V4. Since on the set 

R = { unordered pair (wi, w 2 ) G (P(Fg)) 2 | q(wi) = q(w 2 ) = 2, w% ■ w 2 = 0}, 

the group PO(F3,5) acts transitively, we have the following cubic relations. 

Corollary 5.11. For w = (wi,w 2 ) G R, we define i"(w) by i"(w) = {v G 
<S/{±1} I i? • u>i = v • 102 = 0}. Then we have 

E e ' = °- 

«€l(w) 

ffere we choose a representative i"(w) = {t>i, . . . , 1)4} 0/ J(w) sitc/i £/ia£ Uj-Uj = 
1 » T^J- 

On the other hand, one can prove the following cubic relation for polyno- 
mials {Z v } (See 0): 



7 7 7 — 7 7 7 



where 



«i = (1, 1, 0, 1, 0), « 2 = (0, 1, 1, -1, 0), v 3 = (1, -1, 1, 0, 0) 
w x = -(1,0,0,1,1), w 2 = (1,0,1,0,-1), w 3 = (0,0,1,-1,1). 

If we put u = (—1, 0, 1, 1, 0), then the sets V\ = {±f 1, ±f 2, ±^3, ±w, 0} and 
V 2 = {±^i, ±w 2 , ±u>3, ±u, 0} are maximal totally isotropic subspaces in F|. 
To determine the signature of the equality we consider e = FJ i • Wj). If 
we change one of the signatures of Vx, ... ,w$, then the signature e changes. 
We define the set 

V± and V2 are maximal totally isotropic 
Q = { unordered pair (Vi, V 2 ) | subspaces of F3 and V\ fl V 2 is one di- }. 

mensional F3 subspace. 

Then the action of PO(F 3 , 5) on Q is transitive, we have the following identity 
of degree 9. 

Corollary 5.12. Let (Vi, V2) be an element of Q. Choose a representative 
S Vl and S V2 of P(Vi) - P(Vi n V 2 ) and P(V 2 ) - P(Vi n V 2 ) in S. Then we 
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have the following identity 

J] e s Vi = ~e(s Vi: s V2 ) n e s V2 . 

Here the lifting of H Vl£Sv ,v 2 es V2 ( v i ' v z) to i ±l } is denoted by i(S Vl ,S V2 ). 

Remark 5.13. Note that the system of equations 

J] Z Vl =e(S Vl ,S V2 ) J] Z V2 {(Vi,Vi)eQ) 

Z v = (w G R) 

wel(w) 

is a defining system of equations of the closure of AiQ pts in P 79 (see [jYjj- 
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